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Squeezing of atomic resonance fluorescence is shown to be optimized by a properly designed environment, 
which can be realized by a quasi-resonant cavity. Optimal squeezing is achieved if the atomic coherence is 
maximized, corresponding to a pure atomic quantum state. The atomic-state purification is achieved by the 
backaction of the cavity field on the atom, which increases the atomic coherence and decreases the atomic 
excitation. For realistic cavities, the coupling of the atom to the cavity field yields a purity of the atomic state 
of more than 99%. The fragility of squeezing against dephasing is substantially reduced in this scenario, which 
may be important for various applications. 

PACS numbers: 42.5().Pq, 37.30.+i, 42.50.Ct 



Introduction. A single atom and its coupling to the elec- 
tromagnetic field is a system of fundamental interest for the 
understanding of the quantum phenomena of light and mat- 
ter. It was predicted that a driven two-level atom emits anti- 
bunched light [ 1 J, which cannot be described by the classical 
Maxwell theory. The first experimental demonstration of this 
effect was based on the resonance fluorescence of an atomic 
beam 0. In a related experiment it was demonstrated that a 
sub-Poissonian photon statistics may occur J3j. Later on, pho- 
ton antibunching could be demonstrated with single trapped 
ions EH5). 

Squeezing was predicted to occur in the single-atom res- 
onance fluorescence [6]. It can also be realized in the flu- 
orescence of many atoms, via regular arrangement of the 
atoms [7], detection in the forward direction with respect 
to the pump-beam [8|, and bistability in a strong driving 
field 0. The latter two cases, could be experimentally 
demonstrated ITOl [Till . Squeezing in single-atom resonance 
fluorescence could not be observed yet. Based on homodyne 
correlation measurements with a weak local oscillator, an effi- 
cient measurement technique was proposed 1121 . which is not 
limited by the collection efficiency of the fluorescence light. 
Its feasibility was demonstrated in resonance fluorescence ex- 
periments |[T3l . 

Very recently, squeezed light has been observed in the out- 
put channel of a weakly driven high-Q cavity, containing a sin- 
gle atom 03). Since an empty driven cavity cannot produce 
squeezing, the observed squeezing of the cavity output field is 
clearly based on the coupling of the atom to the cavity field. 
This work demonstrates, that squeezed light originated from a 
single atom is a prevailing subject. The squeezed light in the 
output field of a cavity containing a single atom is undoubt- 
edly a fundamental issue for its own. Under general condi- 
tions, however, one cannot expect that this is equivalent to the 
demonstration of squeezing in resonance fluorescence. Hence 
a direct fluorescence measurement would still be of funda- 
mental interest. 

The present Letter deals with the optimization of atomic 
resonance fluorescence with respect to squeezing. It is shown 
that squeezing becomes optimal, when the atomic coherence 
is perfectly controlled, which is equivalent to the purification 



of the atomic quantum state. Atomic coherence control and 
state-purification can be realized by a properly adjusted cav- 
ity, even for different choices of the mean atomic excitation. 
This implies the possibility to control the fluorescence inten- 
sity to some extend. Similar to ordinary fluorescence mea- 
surements, the light is observed out the side of the cavity. The 
setup under study substantially reduces the fragility of squeez- 
ing against dephasing. This achievement is expected to be of 
great relevance for applications in miniaturized systems, such 
as quantum dots in semiconductor microcavities. 

Optimal squeezing. Let us consider a general two-level 
atom (TLA) in an arbitrary environment. The atomic source 
field can be written as 

E s = \ X \(A 12 e^ + A 21 e-^), (1) 

where Aij = — 1,2) is the flip operator of the 

atom with ground state |1) and excited state |2). Here |x| de- 
scribes the atom-light-field coupling and the phase <\> includes 
the phase of the driving laser. 

The field is squeezed, if the normally ordered field variance 
becomes negative, corresponding to a noise reduction below 
the vacuum level. Optimizing with respect to the phase, we 
get for a TLA 

C ( ^ 2 )2:> =2((i 22 )-2|(i 12 )| 2 ), (2) 

see 03 1- The full field, E = Ef + E s , is composed of the free 
field Ef (assumed to be in the vacuum state) and the atomic 
source field E s . The ": • • • :" prescription denotes normal 
ordering. 

The atomic expectation values in Eq. Q are readily derived 
from the atomic density operator, a — J^ij o~ijAij, The den- 
sity matrix a reads as 

a = ( <4"> <4^> ) (3) 

From the positive semidefiniteness of quantum states it fol- 
lows that det a > 0, that is 

|(Ai 2 )| 2 < (A U )(A 22 ) = (i 22 ) - (i 22 ) 2 . (4) 
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Here we made use of the completeness relation of the TLA, 
J2i An = 1. This inequality defines the maximal atomic co- 
herence, | (A12) | 2 , for any atomic excitation (^22). 

Using this result, for arbitrary atomic excitation the mini- 
mal variance follows for the maximal atomic coherence as 



(: (A£) 2 :) r 



2(A 22 )(2(A 22 ) -1) 



(5) 



The absolute minimum follows for (A 22 ) = 1/4, 
(: (AE) 2 :) abs 
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This value cannot be attained in free-space resonance fluores- 
cence l6l[T5l. 

Let us consider the structure of the atomic quantum state 
for optimal squeezing. The purity of the state is given by 

Tr{<7 2 } = 1 - 2((i 22 > - (A 22 ) 2 - |(ii 2 >| 2 ). (7) 

Compared with Eq. |4]), purity of the atomic state is equiva- 
lent to maximal atomic coherence. That is, optimal squeez- 
ing of the resonance fluorescence is achieved for a pure state 
of the atomic subsystem. Hence, to optimize squeezed emis- 
sion from a single atom, the task is to find an environment for 
which the atomic subsystem is in a (nearly) pure state. 

Note that the above results may be used to estimate the 
squeezing in the resonance fluorescence of a TLA, without 
the need of homodyne detection. The minimal variance, opti- 
mized with respect to the phase, 
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2(1-Tr{<7 2 }), (8) 



can be expressed by the minimal variance for maximal atomic 
coherence (first term), and the atomic-state purity (occurring 
in the second term). The first contribution is solely determined 
by the atomic excitation, cf. Eq. Q. The excitation can be 
observed by comparison with the saturation intensity. Simple 
methods also exist for detecting the purity of low-dimensional 
systems 11614181 . In view of the relevance of purity measure- 
ments in the field of Quantum Information, this may open an 
alternative possibility to infer squeezing in resonance fluores- 
cence from independent measurements. 

Squeezing in cavity-assisted fluorescence. In the follow- 
ing we will deal with a method for the practical realization of 
optimal squeezing by atomic-state purification. We will show 
that a single-mode cavity may serve as an environment of the 
TLA to optimize squeezing in resonance fluorescence. In fact, 
our system may purify the atomic state for different values of 
the atomic excitation (A 22 ). The cavity-assisted optimization 
of squeezing from a TLA is feasible with current technology, 
cf. the required scheme in Fig.[T] 

Consider the TLA being driven by a coherent light source 
of frequency us^, with the Rabi frequency J7r (chosen to be 
real). Its spontaneous emission is characterized by the energy 
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FIG. 1. Sketch of the coherently driven TLA inside a quasi-resonant 
cavity with losses. The fluorescent light is detected (D) out the side 
of the cavity. Wavy lines indicate light fields driving the atom, emit- 
ted into the cavity, out of the cavity, or out the side of the cavity. 
Straight arrows indicate the frequencies of the atomic resonance and 
the quasi-resonant cavity mode. 



relaxation rate T. Furthermore the atom is coupled to a single 
mode cavity of frequency cj c , with coupling strength g. The 
cavity excitation is described by bosonic creation and anni- 
hilation operators, a 1 ' and a, respectively. The cavity emits 
light with a rate k. The Hamiltonian for this system, in the 
frame rotating with lu^ and in the rotating-wave approxima- 
tion, reads as 

H/h = £ a i 22 + 4a t a + 9(a t ii2 + i2ia) + ^R(ii2+i2i), 

(9) 

where S. d — uj 2 i — lu l and 6 C = lj c — lu l . The density operator 
g of the full system obeys the von-Neumann equation with 
Lindblad terms for the different decay channels, 



dg 



1 



[H,g}+ £ A Jg}+ £ & [g], 



Cx[q\ = 2A > f5A >t - X^Xg - gX^X. 



(10) 
(11) 



In general this system cannot be solved analytically. The 
numerical calculations are based on solving the steady-state 
equations of the density matrix, by truncation at a sufficiently 
large number of cavity photons, for details see fl9l . 

Let us now consider the cavity-assisted scenario for a strong 
driving field, J1r ^ g, T, k, but detuning of the atom by 
<5 a « £1r. Hence the effective pumping is still limited, so that 
no saturation occurs, (A 22 ) < 1/2. A similar scenario has 
been studied in [20 21], but not in the context of squeezing. 
Under such conditions the Mollow-triplet is clearly visible in 
the spectrum, and the sidebands are well separated, at (nearly) 
the same frequencies as in free space: 



w± = uj l ± v/(2r> R ) 2 + <5 2 . 



(12) 



Following the argumentation in |20], for a detuning of the cav- 
ity mode of S c S. d its excitation depends on the ratio of the 
atomic decay to the cavity damping. If the cavity emission 
rate significantly exceeds the atomic decay, the excitation of 
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the cavity is proportional to T/k, hence the cavity is almost 
empty. In this case the outcoupling of the cavity photons is 
fast compared to the emission rate of the atomic fluorescence 
out the side of the cavity. It should be noted that we do not 
need a very good cavity, solely one with n ^> T. 

Despite the tiny excitation, the cavity effects become visi- 
ble if a fluorescence sideband is close to a cavity resonance. 
Single-photon transitions in the cavity occur if the detuning, 



5 C , is resonant to a sideband according to Eq. ( 12 1 



S 2 = (2n R ) 2 + 6 2 



(13) 



At such a resonance, besides the fluorescence out of the side 
of the cavity, we also obtain enhanced emission of the cavity 
itself. The excitation of the cavity increases slightly, which is 
consistent with the argumentation in ll20l . Nevertheless, the 
cavity emission increases strongly, as it scales with k which 
is large compared to T. A similar situation was recently con- 
sidered in [22 J, where steady-state inversion of a TLA in a 
cavity was predicted. In our scenario the cavity mode diverts 
a significant portion of the energy from the atom, which would 
otherwise contribute to the fluorescent light. This yields a re- 
duction of the atomic excitation. From this point of view a 
not too good cavity is needed, in order to avoid a too strong 
backaction onto the atom. On the other hand, it has to be good 
enough to preserve the coherence of the atom, which would be 
lost in free-space fluorescence. 

The coherent part of the atomic excitation (CPAE), 
|(j4i2)| 2 , is determined by the interaction of the atom with 
both the cavity mode and the vacuum modes in free space, 
leading to the fluorescence. As a consequence of the above 
discussion, for the resonance condition ( fT3| l, the CPAE is in- 
creased due to the coupling to the cavity. Hence, we expect 
(A22) to decrease, while |(Ai2)| 2 increases, yielding an obvi- 
ous purification of the atomic state, according to Eqs. ([7J. 
A critical condition in this setup is the requirement of n ^> T 
and g « n, so that the atom-cavity coupling significantly ex- 
ceeds the atomic decay, g ^> V. Experimental works, such 
as |23], suggest that large ratios of g/T can be achieved in 
the optical frequency range. In this experiment a value of 
g/T m 23 was realized, which will be used in our calcula- 
tions reported below. 

Combining the above arguments, we can determine the 
regime of optimized squeezing in cavity-assisted resonance 
fluorescence. We need strong pumping and atomic detuning, 
such that the atomic excitation in free space would slightly ex- 
ceed 1/4. For example, this would be the case for |5 a | gl |f2 R | 
and (A22) ~ 1/3, for details see 1131 . The cavity, which 
obeys the condition n 3> T, is tuned to a resonance according 
to Eq. ( 13 1. This yields a reduction of the atomic excitation 



to approximately 1/4, as needed for maximal squeezing ac- 
cording to Eq. |6]). The CPAE increases, resulting in a purifi- 
cation of the atomic state together with optimized squeezing, 
cf. Eq. (|SJ. The cavity emission rate k is chosen to be inter- 
mediate, k ~ g, since for large k values the situation becomes 
close to that in free space. For smaller cavity losses the atomic 



excitation is not sufficiently reduced, due to the backaction of 
the cavity photons on the atom. 

Numerical results. In Fig. [2] we show the dependence of 
the atomic excitation and CPAE on the atomic detuning <5 a . 
The other parameters are chosen according to the require- 
ments discussed above. The atomic excitation (A22) behaves 
similar to the free-space scenario. For a wide parameter range, 
the CPAE is rather close to its maximum value, cf. Eq. in- 
dicating significant purity of the atomic state. The purity is 
given by Tr{a 2 }=l-2(| (A 12 ) \ 2 maK -\(A 12 )\ 2 ). The cavity ex- 
citation is very small, even at the cavity resonance according 
to Eq. ( 13 1, occurring for the chosen parameters at <5 a ss — 19<?. 
This is consistent with the results of EOl at the cavity reso- 



nance, which would predict 



< 10 for our parameters. 




FIG. 2. (color online). Dependence of the following quantities on 5 d : 
atomic excitation {A22} (blue, dashed line), CPAE | {^-12) 1 2 (green 
crosses) and maximum CPAE (An){A22) (red circles), cavity exci- 
tation (a' a) (violet, dashed-dotted line), normally ordered field vari- 
ance of the fluorescence of a TLA in the cavity (light blue, solid 
curve), and in free space (black, dotted curve). The straight line 
(black, solid) marks the free space maximal squeezing of — 1/8. The 
system parameters are: Q.n/g = 14, n/g = 1.58, Y/g = 0.043, 
S c /g = -34. 

Around the cavity resonance we see, that the normally or- 
dered field variance attains the value of —0.236. This is 
more than 94% of the maximum possible squeezing of —1/4, 
which can be readily measured as discussed in fl9l . The pu- 
rity Tr{<7 2 } of the atomic subsystem (not depicted in Fig. [2}, 
shows a clear maximum of about 99.5% at the cavity res- 
onance. The corresponding atomic excitation is (A22) ~ 
0.220. Our numerical results for the obtained squeezing ef- 
fect, the excitation and purity of the atomic state are in full 
agreement with the analytical relations of these quantities 
as given in Eq. ^ together with Q. For larger values of 
g/T, even more than 99% of the absolute squeezing limit, 
(: (AE) 2 :) a b s , can be achieved. This exceeds the free-space 
result substantially. 
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Let us now consider, for our optimized environment, the 
sensitivity of squeezing with respect to dephasing, which is 
crucial in free-space fluorescence. For this purpose we as- 
sume that, in addition to dephasing due to radiative damping, 
there is also radiationless dephasing described by the rate To- 
For our considerations of the cavity-assisted atomic fluores- 
cence we supplement the equations of motion 
other Lindblad-term, 



10 1 with an- 



dp 
dt 



1 

ih 



[H,p] 



2 C A 1 



2 A * 



[p} + -Ca[p]. (14) 



The additional dephasing only increases the decay of the off- 
diagonal matrix elements of the density operator, that is, the 
atomic coherence and hence the CPAE. 

In free space, squeezing does not occur anymore if the de- 
phasing rate To exceeds the energy relaxation T. The atomic 
coherence needed for squeezing decays on a time scale which 
is faster than that of the emission of the fluorescence radia- 
tion. As stated above, in our setup, on a cavity resonance the 
CPAE is increased due to the increased transition amplitudes 
between atom and cavity. The backaction of the cavity onto 
the atom preserves the coherence on a longer time scale, thus 
increasing the actual coherence in the steady state. Hence, the 
robustness against dephasing is enhanced. In this context it is 
important that the cavity emission rate k significantly exceeds 
the atomic decay rate T. This renders it possible to observe 
squeezing in cavity-assisted resonance fluorescence for sur- 
prisingly strong atomic dephasing. 




FIG. 3. (color online). Normally ordered field variance over S a for 
different dephasings To. From bottom to top: Fd/F = 0, 2, 4, 6, 8. 
The inset shows the dependence of the squeezing on To at the cavity 
resonance, S a — — 19g. All other parameters are as in Fig. [2] 

In Fig. [3] we show the normally ordered field variance for 
the same cavity as in Fig. [2] for different values of To. The de- 
pendence of the minimal field variance on r D is shown in the 
inset. For < 3.24T, the minimal variance is below —1/8. 
This is the maximal squeezing in free space, which could only 



be achieved for To = 0. The squeezing in the cavity setup 
under study vanishes for To ~ 7.47T. This result may be 
of great importance for applications in light-emitting systems 
other than single atoms. For example, significant dephasing 
is usually expected to occur in condensed matter systems. A 
typical candidate could be quantum dots in semiconductor mi- 
cros tructures. The scenario under study opens the possibility 
to create squeezing for relatively strong dephasing and inter- 
mediate cavity coupling, as it is typical for semiconductor mi- 
crocavities 124-271. 



Conclusions. We have studied the possibility of the opti- 
mization of squeezing in the resonance fluorescence of a two- 
level atom. It is based on a special design of the environment 
of the atom, which can be achieved by a cavity with prop- 
erly adjusted parameters. The maximal squeezing of the light 
emitted from a coherently driven atom in an optimal environ- 
ment is twice as strong as the maximal squeezing in free space 
experiments. More importantly, squeezing can be optimized 
for different atomic excitations, so that it is no longer lim- 
ited to weakly driven systems. The resulting possibility to in- 
crease both the fluorescence intensity and the squeezing will 
substantially widen the possibility of detection and applica- 
tion of squeezing in resonance fluorescence. The realization 
of optimal squeezing is accompanied by the purification of 
the atomic state for different atomic excitations, which can be 
relevant for any other application which requires pure atomic 
states for different mean atomic excitations. It is also impor- 
tant that the strong limitation of squeezing by dephasing can 
be substantially reduced in our system. This may open im- 
portant possibilities to control the emission of squeezed light 
from more complex, miniaturized systems, such as quantum 
dots in semiconductor microcavities. 
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We truncate the set of equations at a sufficiently large pho- 
ton number N. By varying AT, the validity of the calculations 
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ement of the main diagonal, in our case, we chose go,i;0,i- 
This introduces an inhomogeneity into the equations, allow- 
ing us to calculate the steady state density matrix simply by 
inverting the matrix of coefficients and multiplying with the 
inhomogeneity. Finally, the expectation values of interest can 
be directly obtained. 
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ance of a light field is usually measured via balanced ho- 
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SUPPLEMENTAL INFORMATION 

Numerical calculations. Starting from the master equa- 
tions, we can formulate equations of motion for the elements 
of the density matrix 

Qn,i;m,j = (n,i\Q\m,j), (15) 

with the first index being the cavity photon number and the 
second being the atomic excitation = 1, 2). The explicit 
equations can be written as 



(16) 



(17) 



(18) 



(19) 

I 

ments |[T2ll28l . since in this case all correlation functions in- 
clude the quantum efficiencies only as proportionality factors. 
One may detect the intensity correlation function 



(20) 

by the scheme in Fig. 2 of Ref. |28l . Here the indices 1, 2 
refer to the different output channels of a beamsplitter. Fol- 
lowing l28l . we consider the difference between correlations 
at equal times and the corresponding steady state value, 



Ag( 2 ' 2) (t)=g {2 - 2) (t,t)- lim £ (2 < 2) (M + r). (21) 



= - [iS c (n - m) + § (n + m)]g„,i ;m) i - ig[Vng„-x,2;m,x - V^Qn,i;m-ifi] 

Qn,2;m,X Qn,X;m,2\ "F -T(?n,2;m,2 F + "F 1) Qn+X,X;m+X,X i 

=[i(S a - (n - m)6 c ) - r+K ^ l+m ' ]e n ,X;m,2 - ig[VnQn-x,2-, m ,2 - \/m + X~Q n ,X\m+X,x] 

— i^R(g n ,2-.m,2 — Qn,X;m,X ) + «V(n+ l)(m + l) 

= - [i(5i + (n- m)S c ) + r+K( 2 +m) ]g n ,2 ; m,i - ig[Vn + lg n +x,x;m,x - VWn,2 ; m-i,2] 

— i^R(Qn,X;m,X ~ Qn,2-m.2) + «V (n + l)(m + l)f?n+l,2;m+l,l) 

= - [iS c (n - m) + T + |(n + m)]g ni2 - m ,2 - ig[Vn+ ig n +x,X;m,2 - Vm + lQ n ,2; m +x,x 

— i£is.(Q n ,X;m,2 ~ Qn,2;m,X ) + Ky/(n + l)(m + l) Qn+X,2;m+X,2- 
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For (stationary) single atom fluorescence as the signal and a 
50/50 beamsplitter we obtain 

&G {2a) = -\ (ft + Iio(: (A£ fl ) 2 :)) , (22) 



with 'fl' and 'lo' denoting fluorescence and local oscillator, 
respectively, and / is the intensity. For I\ a ^> la, the second 
term is dominant. Squeezing is detected if A£( 2 ' 2 ) > 0. The 
effect of our optimization of squeezing, which yields a factor 
of two, is clearly observed by this method. 



